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1 Introduction

The book Izhikevich (2007) is excellent. However, when I reached Section 6.1.3
Supercritical Andronov-Hopf 1 did not feel comfortable with the presentation of
a few formulas without derivation or explanation of where these formulas came
from or what do they meant. Specifically, I could not understand the rationale
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for the change of variables in Equation 6.5, where the formula for parameter a
in Equation 6.7 came from or what did it mean, how to derive the topological
normal form in Equations 6.8 and 6.9, and how to compute parameter d in
Equation 6.9.

Here I sketch the derivation of the topological normal form in Equations 6.8
and 6.9 and that of the formulas to calculate parameters a and d in these
equations. In deriving the topological normal in Equations 6.8 and 6.9, I found
that these equations do not represent a true topological normal form of a system
undergoing an Andronov-Hopf bifurcation, but only an approzimation of a true
topological normal form. The formula for parameter a is given, without proof in
Equation 6.7. On page 172 the author refers the reader to Exercise 6.17 to obtain
the values of parameters a and d for an example I, , + Ik model. However, this
exercise gives neither the formula nor the value of parameter d. Furthermore,
applying the formulas we derive below for parameters a and d to the example
Iy, , + Ix model on page 172 reveals a typo; the values of parameters a and d
are interchanged in the penultimate paragraph on page 172, in the subsequent
formula of the topological normal form of the I, , + Ik model, and the center
and right panels of Figure 6.12 were computed with interchanged parameters.

Section [2] provides a sketch of the derivation of the approzrimate topological
normal form in Equations 6.8 and 6.9. Section [3] sketches the derivation of the
formulas of parameters a and d of the topological normal form for a system
undergoing an Andronov-Hopf bifurcation. Section Ml derives the formulas for
f(z,y) and g(z,y) in Equation 6.6. Section[6lcalculates the values of parameters
a and d for the example on page 172. Finally, Section [ presents evidence for
the typo in the example on page 172.

2 Sketch of the derivation of the approxrimate
topological normal form in Equations 6.8 and
6.9 of Izhikevich (2007)

Consider a planar system

%= f(x,a), x €R* acR (1)

with a smooth function f, and an equilibrium at x = 0 for parameter a = 0.
This system undergoes and Andronov-Hopf bifurcation iff its eigenvalues are
A1.2 = £jwg, wy > 0. From Section 3.5 Generic Hopf Bifurcation of [Kuznetsov
(2004) a planar system undergoing an Andronov-Hopf bifurcation can be rewrit-
ten as

x = A(a)x + F(x, a) 2)

where F' is a smooth vector function whose components F; o have Taylor ex-
pansions in x starting with at least quadratic terms F = O(||x||?). Then, by
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Lemma 3.3 in [Kuznetsov (2004), the system in Equation 2l can be rewritten for
sufficiently small |«| a single complex equation

z2=Ma)z+g(z,z, @), (3)

where ¢ = O(|z]?) is a smooth function of (z,%,a). Now from Lemma 3.6
(Poincaré normal form for the Hopf bifurcation) inKuznetsov (2004) Equation 3
can be transformed, by an invertible parameter-dependent change of complex
coordinate, for sufficiently small |a/], into

W = Ma)w + ¢1 (a)w?w + O(|Jw|*). (4)

Denoting A(«) = c¢(a) + jw(a) and ¢1(a) = a(e) + jd(a), by Problem 6.4
in Izhikevich (2007), the complex-valued Equation @] can be written in polar
coordinates as

i = c(a)r + a(a)r?,

¢ = w(a) + d(a)r? (5)
The system in Equation [l is a true topological normal form of the sytem
in Equation [1 undergoing an Andronov-Hopf bifurcation, because the former
system can be obtained from the latter system by a change of variables that
is an homeomorphism. However, the topological normal form in Equations 6.8
and 6.9 of [Izhikevich (2007) is an approximation of the true toplogical normal
form using a(0) and d(0) instead of a(«) and d(«) in Equation
To obtain exact values of a and d independent of any parameter, one could
use a topological normal form as in Equation [ but with a coefficient of the
cubic term independent of any parameter (e.g., ¢1(«) = ¢1 in Equation H]). This
new topological normal form is given in Lemma 3.7 of Kuznetsov (2004). In this
lemma [Kuznetsovl (2004) attains a topological normal form where the coefficient
of the cubic term is sign (I (5)). Because [;() is a continuous function of 3, with
11(0) # 0, for small values of S the sign of {1 () is constant (i.e., sign(l1(8)) = s).
Therefore, by replacing sign(l1(8)) with s in the previous topological normal
form, for small values of 8, Kuznetsov attains a new topological normal form
with the coefficient of the cubic term independent of any parameter.

3 Sketch of derivation of formulas for parame-

ters a and d in Equations 6.8 and 6.9 of Izhikevich

(2007)

As shown by the end of Section Pl parameters a and d in Equations 6.8 and 6.9
of Izhikevich (2007) are a = Re{c1(0)} and d = Im{c1(0)}, with ¢1(0) given in
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Equation IZl To calculate ¢1(0) we first apply the change of variables in Equa-
tion 6.5 of [zhikevich (m to convert the system undergoing an Andronov-Hopf
bifurcation in Equation 6.4 of Izhikevich ), with parameter b = 0, into the
form in Equation 6.6 of Izhikevich (2007). Then we solve Problem 53.165 in
%I?m (2004) to obtain ¢;(0) from the system in Equation 6.6 of
).

Section [B.] provides the rationale for Equations 6.5 and 6.6 of [zhikevich

(2007). Section B2 sketches the solution of Problem 3.16 in [Kuznetsod (2004).

3.1 Rationale for Equations 6.5 and 6.6 in Izhikevich (2007)

The rationale for the change of variables in Equation 6.5 of zhikevich M) is
given in Lemma 3.3 of Kuznetsov (2004). This lemma proves that a system of
differential equations

x = Ala)x+ F(x, @)

where F : R? x R — R? is a smooth vector function whose components have
Taylor expansions in x starting with at least quadratic terms, can be written as
a single differential equation on a complex variable z:

2=Ma)z+g(z,z,a) : (6)

with A(«) being the eigenvalue of A(«) corresponding to eigenvector q(«) (i.e.,
A(a)q(a) = AMa)q(a)) and z being the coordinate associated with q(«) in the
expansion of x in the base {q(«),q(«)},

x = 2q(@) + zq(e), (7)

and

9(2,2,a) = (p(a), F(zq(e) + 2q(a), @) (8)

with {p(a),p(a)} a base of eigenvectors of A(a)T biorthogonal with the base
{q(@),q(a)} of A(a). The Taylor series expansion of the right-hand-side of the
differential equations in Equation 6.4 of Izhikevich (2007), for b = 0 can be
written as:

0 v F(v,u,0)
.| =A a0
RIEECIME ) ©
with A(0) being the jacobian matrix of the right hand side of the differential
equations in Equation 6.4 of (2007)
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F, F, ] 10)

A(0) = [ e

where Fy, F,,G,,G, are partial derivatives evaluated at (u,v,b) = (0,0,0).
Equation [@ holds because it is assummed that (v,u) = (0,0) is an equilibrium
for b = 0 of the system of differential equations in Equation 6.4 of
M), then F'(0,0,0) = G(0,0,0) = 0, and the Taylor series expansion of the
right-hand-side of Equation 6.4 in M) has no constant term.
Now, because it is assummed that the system in Equation 6.4 in
) undergoes an Andronov-Hopf bifurcation at the equlibrium (v,u) =
(0,0), by the non-hyperbolicity condition of the Andronov-Hopf bifurcation,
the eigenvalues of A(0) in Equation [@ are +jw. Then by Equation

Z = jwz+g(z,%0) (11)
with z being the coordinate associated with q(0) in the expansion of [v,u]? in
the base {q(0),q(0)}. That is, from Equation [7]

v _
o | = #a0 + a0 (12)
Separating the real and imaginary parts of z in Equation [IT] we obtain:

Re{z} = —wIm{z} + Re{g(z,2,0)}

Im{z} = wRe{z} + Im{g(z,2,0)}
and calling

x = Re{z}, (13)
y = Im{z}, (14)
f(z,y) = Re{g(2,%,0)}, (15)
g9(z,y) = Im{g(z,2,0)}, (16)

we obtain

&= —wy+ f(z,y)
y=wz+g(z,y)
as in Equation 6.6 in [zhikevich (2007).

To express x and y as a function of v and u, as in Equation 6.5 of
), from Equations [[3] and [[4, we want to express z as a function of v and
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u. One can build the biorthogonal base {p(0), p(0)} corresponding to the base
of eigenvectors of A(0), {q(0),q(0)} and, from Equation [[2] compute z as

=] 1] (17)

Because q(0) is the eigenvector of A(0) (Equation [I0) with eigenvalue —jw,
we have

G,  Gu+jw q B

Then

(Fy + jw)qi(0) + Fug2(0) =0 (18)

Due to the biorthogonality of the bases {p(0), p(0)} and {q(0),g(0)} we have
(p(0),q(0)) = 0. Thus, from Equation [I8 we obtain

p(0) =k | T I (19

where k is a complex constant. Now, from Equations [I7 and [I9]

c=o00).| 4 )

u
=kv(F, + jw) + kuF,
=k(uF, +vF,) + jkwv (20)
By using k = j/w in Equation 20 we obtain z = v — j(uF, + vF,)/w. Then

x = Re{z} = v, and y = Im{z} = —(uF, + vF,)/w = —(uF, + =F,)/w, or
v =z and F,u = —F,x — wy as in Equation 5.5 of [[zhikevich (2007).

3.2 Solution to Problem 3.16 in Kuznetsov (2004)

Given a system as that in Equation 6.6 of Izhikevich (2007), Problem 3.16 in
Kuznetsov (2004) asks to compute ¢1(0). The solution is ¢;(0) = a(0) +jd(0) =
a + jd with

1
a :TG((fxm + Gray + fryy + Gyyy)+

%(gyyfyy = Guafoa + foy(foo + fyy) = Gay(Gzz + Gyy)))s (21)
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1
d :176((9565696 + Goyy — fzmy - fyyy)Jr

1

5(92, + f2,) + 5(foyGyy + Goy fra)—
5(gm9yy + fa:xfyy))) (22)

To derive this solution, we first rewrite Equation 6.6 of (@) in

matrix form as

[i]ZA@{§}+FQ§}”) (23)
et @1

BN -

and f and g having Taylor series expansions starting with at least quadratic
terms

1 1
f(x,y) szx;er + facyxy + ifyy'i'

2
1 1 1 1
Gfxxxl'g + 5fxxy172y + 5fxyy$y2 + gfyyyyg +... (26)
1 9 1
9(2,Y) =5 9202 + GoyTy + 59yt
1 3 1 9 1 5 1 3
with all partial derivatives of f and ¢ evaluated at the origin. From Equa-
tion 3.18 of [Kuznetsoy (2004),
J 2 1 2 g21
0) = —2 — = 22 28
c1(0) 2w (920911 lg11] 3\902| ) + 5 (28)

where, from p. 91 of Kuznetsov (IMA), gri are the coeflicients of the Taylor
series expansion of the function g(z, z,0) in Equation [

1

k+1>2
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To calculate ¢;(0) we will expand g(z, z,0) in Taylor and extract the coeffi-
cients g11, 920, goz, and go1 needed in Equation 28 We choose p(0) = [—j, —1]T
and q(0) = [~j/2,—1/2]T. Then, from Equation 8]

9(2,%,0) = jf(2q(0) + 2q(0)) — g(2q(0) + 2q(0)). (30)

Inserting

an-an=4 ][]

into Equations 28] and 27] we obtain

__ 1 1 1
f(zq(0) + zq(0)) :(_gfm + gfyy +]Zfzy)z2+

1 1 _
1 1 1 _

(_gf:r:v + gfyy - ]way)z2+

1 1 1 1
1 1 1 1 _

(_TGfmu - Efwu - J(Efwwo: + I—waw))zzz—i—

1 1 1 1 9
(_Efwwy - Efyyy _j(Twawa: + Twayy))ZZ +

1 1 1 1 _
(Ef:cxy - @fyyy - ](@fﬂcwz - Efxyy))zg (31)
. 1 1 1
g(Zq(O) + zq(O)) :(_ggxac + ggyy +]19xy)2'2+
1 1 _
(ZQT’E + Zgyy)zz+
1 1 1,
(7§gzz + ggyy - ]Zgry)z +
1 1 1 1
(Egacmy - ZSnyy +](£gacmz - ngﬁyy))z?)"_
1 1 1 1 .
(_Egzxy - Egyyy - J(Egmm + ngyy))z Z+
1 1 1 1 L
(_Egzmy - Egyyy - J(Egzxm + Tngyy))ZZ +

1 1 1 1 )

(Egazmy - Zggyyy - j(@gmﬂm - Egzyy))z (32)

Using Equations [31] and [32] in Equation [I6] we obtain the Taylor series ex-
pansion of g(z, z,0), and from this expansion we extract the coefficients g11, g20,
goz2, and go1 needed in Equation The obtained coefficients are
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920 = gz2 :i((grr — Gyy — 2ny) +](fyy — fow — 2gry)) (33)
911 = g5 = ((~aw — gy) + Iy + fis) (34)
902 = 952 = (G = Gy + 2Fer) + Uy — fon +202,) (3)

1
g21 = 23 :g((f:rzz + Grzy + fzyy + gyyy)+
J(=frzy + Gzze — fyyy + Jayy)) (36)
From Equation [[6 and Equations we obtain

1 1
a =Re{ci(0)} = —%Im{gmgn} + 536{921} =

(facacx + Gzzy + facyy + gyyy)+
1
w

1 1 1
d=Im{c1(0)} = %(Re{gzogn} - 2|911\2 - g|go2\2) + gfm{gzl} =

16¢

1
176((91196 + Gzyy — fmxy - fyyy)+

1
%((fmygm + gmyfyy) - 2(9§y + fzzx) —2( x2y + giy)_

5920 + fiy) + 5(fayGyy + Goy fra)—
5(9:cacgyy + fxxfyy)))7

as in Equations 2I] and

4 Derivation of formulas for f(z,y) and g(z,y) in
Equation 6.6 of Izhikevich (2007)

Equations and give formulas for f(z,y) and g(z,y) in Equation 6.6 of
Izhikevich (2007). However, to use these formulas one first needs to compute the
function g(z, z,0). Below we derive formulas for f(z,y) and g(x,y) as a function
of the functions F(v,u) and G(v,u) in Equation 6.4 of Izhikevich (2007), that
do not require function g(z, z,0).

From the change of variables in Equation 6.5 of Izhikevich (2007) we have

1
i:i}:F(U7u70) :F(xv_F(va+wy))

n

1
= —wy + F(x, —F—(va +wy),0) +wy = —wy + f(x,y),



e with

f(z.y) = Fz, —Finm:c +wy), 0) + wy. (37)

w77 Also, from the change of variables in Equation 6.5 of Izhikevich (2007) we
ws obtain, for w # 0,
1
y=——(F,u+ F,x).
w

17 Then

§= —L(Fui+ Fud)
w
1
=~ (F.G(v,u,0) + F,F(v,1,0)

1 1 1
= G, g (For +wy), 0) + FuF(, — 5 (Fuw + wy), 0))

n

1 1 1
=wx — —(F,G(x,——(Fyax + wy),0) + F, F(z, —— (F,z + wy),0)) — wx
w F, F,
= w:c+g(:c,y),
10 with
1 1 1
g($7y) = *(FuG(lU _7(va + wy),O) + FvF(x7 _7(va + wy),O))

— wz. (38)

« 5 Partial derivatives of f(z,y) and g(z,y) for the
12 calculation of parameters ¢ and d in Equa-
153 tions 6.8 and 6.9 in Izhikevich (2007)

1w Although tedious, it is not difficult to compute the partial derivatives of f(x,y)
s and g(z,y) in Equation 37 and [38] respectively, and evaluate them at x = 0 and
185y = 0. We obtained:

F Fy\’
faca: :FVV + 2F’Vn <_‘FV> +an (_V>

P Fv\? Fv\®
fx:cr :FVVV +3FVVn <_V> +3FVnn (_V> +ann <_V)

10



— w FV FV 2
=) (3 () ()

3
w
fyyy :ann <_Fn>

w 2 Fy

1 Fy Fy
—— (R (Fov 42, (-2 + B (-2
w<v<V\/+ V(Fn)+ <Fn>
F, | Gyy +2G %
n Vv Vn F
1
Gava == (FV (FVVV +3Fvvn ( )
Fy\ 2 Fo\3
F, (vav +3Gvva ( Fv) +3Gvan (—V> + Gonn <_FV) >>

1 F P

2

w

n

Jzx

2

Goyy = — ﬁ(FV(FVnn + ann) + Fn(GVnn + Gnnn))

1 F F
o (5 (oo () o e (1)

« 6 Parameters a and d in the example on page
1 172 of Izhikevich (2007)

1o The example on page 172 of [Izhikevich (2007) calculates the approxzimate topo-
1o logical normal form for the Ing, + I model

11
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1
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where the V', n, and I have been centered at the Andronov-Hopf bifurcation
point Vy = —56.4815, ng = 0.0914, and Iy = 14.659, respectievly. To calcu-
late the value of the parameters a and d for the topological normal form in
Equations 6.8 and (6.9), we first compute the partial derivaties of F(V,n,I)
and G(V,n,I) in Equations B9 and A0, respectively, evaluated at V' =0, n = 0,

I1=0
1
FV :6
Fyy =- gga
FVVV _ gNa(
1
F, 25(—91((‘/0 — Ek))
F,,, =0
ann =0
FVn - - gﬁK
Fyyn =0
FVnn =0
e (Vo)
Gy =—=
v T
n! (V'O)
Gyy ===
vv p
n" (‘/0)
G _ oo
vvv p
1
Gp=— =
T
Gpnn =0
Gnnn =0
GVn =
Gvvn =0
GVnn =0

(I +1o) —go(V + Vo — EL)

- gNamoo(V + VO)(V + Vo — ENa)

:nOO(V+V0)f(n+n0) _GWon )

(=91 — gna(mi (Vo) (Vo — Ena) + moo(Vo)) — gxno)
=5 (mi, (Vo) (Vo — Ena) +mi, (Vo))

(Vo) (Vo = Ena) + 2m3 (Vo))

12
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Next, we use these partial derivatives to obtain the partial derivatives in the
previous section. Finally, we use the partial derivaties in the previous section to
obtain the values of the paramters a and d from Equations 21 and 2] respec-
tively. This gives a = —0.002970 and d = —0.002613. Code for the calculation
of the values of parameters a and d is given in:

https://sccn.ucsd.edu/~rapela/dynamicalSystems/izhikevich07/ch6/code/

7 Evidence for typo in the example on page 172
of [Izhikevich (2007)

In the example on page 172, [[zhikevich (2007) reports parameters values a =
—0.0026 and d = —0.0029 for the topological normal form in Equations 6.8
and (6.9) of the Ing,p + Ix model. These parameters values are different from
the ones derived in the previous section (¢ = —0.002970 and d = —0.002613).
That the parameter value for a (d) reported in Izhikevich (2007) is very similar
to the parameter value for d (a) derived in the previous section suggests a
typo in [[zhikevich (2007), where the values of parameters a and d have been
interchanged. To check which set of parameters values is more adecuate, the
ones derived in the previous section or the ones provided in Izhikevich (2007), we
compared descriptors (amplitude and frequency) of limit cycles in simulations
of the Inqp + Ix model of the example on page 172 of [Izhikevich (2007) with
theoretical values of these descriptors computed from the parmeters derived in
the previous section and from the parameters given in [Izhikevich (2007). We
computed theoretical values using formulas on page 173 of Izhikevich (2007).
Figures [Th and [Ib are as the center and left panels, respectively, in Figure
6.12 in [Izhikevich (2007). They show that the parameters values derived in the
previous section yield theoretical values of the amplitude and frequency of limit
cycles closer to descriptors extracted from model simulations than the parameter
values provided in [Izhikevich (2007). This indicates that the parameter values
derived in the previous section are more adequate for the toplogical normal form
in Equations 6.8 and 6.9 of the Inq,p, + Ix model of the example on page 172
of Izhikevich (2007) than later parameter values reported in Izhikevich (2007),
specially for input currents closer to the bifurcation point, I,;, = 14.659.

We simulated the Inq , + Ix model in the example of page 172 of [Izhikevich
(2007) and the topological normal form in Equations 6.8 and 6.9 with the pa-
rameters derived in the previous section and with the parameters in Izhikevich
(2007). For these simulations we used a constant injected de-current I = 17.
The blue trace in Figure 2 plots voltages from the I, + Ix model. The green
and red traces plot voltages from the topological normal forms with the parame-
ters derived in the previous section and with the parameters in [Izhikevich (2007),
respectively. We see that the voltages from the topological normal form with
the parameters derived in the previous section better approximate the voltages

13


https://sccn.ucsd.edu/~rapela/dynamicalSystems/izhikevich07/ch6/code/

e—e numerical
7k| +—— theoretical Rapela
»—x theoretical Izhikevich

membrane voltage (mv)
S
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injected dc-current, |

2.21

e—e numerical
2.20}| — theoretical Rapela
»—  theoretical Izhikevich

2,191

2,181

217}

2,16

215}

frequency, 2n/period (radians/ms)

2.14
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14 15 16 17 18 19 20
Injected dc-current, |

Figure 1: Descriptors (amplitude in panel (a) and frequency in panel (b)) of
limit cycles next to an Andronov-Hopf bifurcation for the In4 , + Ix model on
the example of page 172 of Izhikevich M) as a function of the input current
to the model. Blue traces give these descriptors values derived from numerical
simulations. Green traces provide theoretical values of these descriptors, from
the formulas given on page 173 of Izhikevich (2007), using parameters a =
—0.00297 and d = —0.002613 derived in the previous section. Red traces are as
the green traces but for the parameters a = 0.0026 and d = 0.0029 used in the
example of page 172 of Izhikevich M) Theoretical values obtained using the
parameters a and d from the previous section better approximate descriptors
derived from numerical simulations than theoretical values obtained using the

parameters in (2007).
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from the model than the voltages from the topological normal form with the pa-
rameters in Izhikevich (2007). Thus, Figure 2l again shows that the parameters
a and d of the topological normal form in Equations 6.8 and 6.9 derived in the
previous section are more adequate than the ones derived in Izhikevichl (2007).
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Figure 2: Voltages from the simulation close to an Andronov-Hopf bifurcation
iiniut current I=17) of the Ing,, + Ix model on the example of page 172 of
2007) and from its topological normal form given in Equations 6.8
and 6.9 of (M) The blue trace gives voltages from the simulation
of the Ing p + Ix model. The green trace provides voltages from the simulation
of the topological normal form using the parameters a = —0.00297 and d =
—0.002613 derived in the previous section. The red trace is as the green one,
but for the parameters a = 0.0026 and d = 0.0029 used in the example on page
172 of (M) Voltages from the topological normal form with the
parameters from the previous section are better approximations to the voltages

from the simulation of the Ing , + Ix model than voltages from the topological
normal form with the parameters used in the example on page 172 of m

(2007).
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